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Heat Transfer Predictions Using a Dual-Dissipation
k–" Turbulence Closure

U. Goldberg¤ and P. Batten†

Metacomp Technologies, Inc., Westlake Village, California 91361

Wall heat transfer predictions, under both low- and high-speed separated � ow conditions, are considered using
a linear k–"–R model and a cubic k–" turbulence closure. The three-equation model is observed not to suffer the
impediment of traditional k–" models of severely overpredicting heat transfer in strongly out-of-equilibrium � ow
regions. This improvement is due to a dual-dissipation approach in which the destruction term in the k transport
equation (based on a pseudoeddy-viscosity variable R) is independent of the length-scale-determining dissipation
" near walls. As a result, turbulence generation level is kept within reasonable bounds in nonequilibrium � ow
regions. Three � ow cases involving wall heat transfer are considered: one in the low-speed regime and the others
in the hypersonic regime. The advantage of the k–""–R model is clearly demonstrated in the high-speed � ow cases.

Nomenclature
AE = constant in Eq. (11)
A¹ = constant in Eq. (14)
C f = skin-friction coef� cient
C p = speci� c heat at constant pressure
CR1, CR2 = constants in Eq. (5)
C"1 , C"2 = constants in Eq. (4)
C¹ = 0.09 [Eq. (2)]
E = term in the " transport equation [see Eq. (11)]
fd = term in the R transport equation [see Eq. (13)]
f¹ = low Reynolds damping function [see Eq. (14)]
H = step height
k = turbulence kinetic energy
M = Mach number
Pk = turbulence production [see Eq. (6)]
Pr = Prandtl number
q = heat transfer rate
R = pseudoeddy viscosity
Re = Reynolds number
Rt = turbulence Reynolds number
T = timescale, temperature (context dependent)
t = time
U = mean velocity
Ut = tangential velocity component
u i u j = Reynolds stress tensor
u¿ = friction velocity, .¿=½/

1=2
w

V = realizable velocity scale [see Eq. (10)]
x = streamwise coordinate (without subscript)
y = local wall-normal coordinate
yC = inner-layer nondimensional coordinate, yu¿ =ºw

± = boundary-layer thickness
±i j = 3 if i D j , 0 otherwise (summation assumed)
" = turbulence kinetic energy dissipation rate
· = 0.41 (von Kármán constant)
¹ = dynamic viscosity
º = kinematic viscosity, ¹=½
5 = wake strength parameter
½ = density
¾k , ¾" , ¾R = turbulent diffusion coef� cients
¿ = turbulence timescale, shear stress

(context dependent)
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9 = component of the source term E [see Eq. (9)]
r = gradient operator

Subscripts

i or j = Cartesian component in the i or j direction
i , j = j -direction derivative of the i component
t = turbulent
w = evaluated at the wall
x = based on streamwise direction
0 = stagnation conditions
1 = wall-adjacent cell centroid
1 = evaluated at the freestream

Introduction

C ONVENTIONAL k–" models are notorious for severelyover-
predictingheat transfer levels in � ows involvingstrongenough

adverse pressure gradient to cause separation,as documented in de-
tail by Launder.1 This stems from ill-understoodde� ciencies in the
" transportequationin nonequilibriumnear-wall regions,which can
lead to excessive levels of the length scale generated in separated
� ows and, hence, to correspondinglyexcessive heat transfer levels,
especially in the reattachment region. Modi� cations to the " equa-
tion were successful in improving heat transfer predictions under
low-speed conditions,1 but failed in high-speed � ow.

Most, if not all,modern turbulenceclosureshavebeenderivedand
calibratedwith reference to incompressibleor low-speed � uid � ow
in which compressibility effects are unimportant. The well-known
overprediction of heat transfer in nonequilibrium conditions using
conventionalk–² closures has several possible (and ill-understood)
origins. Clearly, at high Mach numbers, models will be pushed fur-
ther from their (typically equilibrium) calibration range due to the
increasing mean shear stress. Increased anisotropy should be ex-
pected in higher Mach number � ows, due to the restriction of spa-
tial correlationscausedby the narrowingconeof in� uence.Another
signi� cant factor is that of the mean density gradients.Huang et al.2

have demonstrated that the choice of length-scale-determining vari-
able has a strong effect on the ability of the model to predict the
compressible (van Driest) law of the wall, with k–² displaying par-
ticularlypoor behavior,but with no existingmodel performingwell.
The density � uctuationsand the nondivergentnature of the velocity
� eld are further potentially in� uential features. These have led to
recent proposals for dilatational dissipation models that, although
give the correct trend for free-shear � ows, tend to worsen predic-
tions in the near-wall region.2 Against this background of physical
and modeling uncertainties,no existing turbulenceclosure has been
found to perform adequately.
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One possible approach to improving the performanceof k–" type
models is presented here. Whereas a conventional dissipation-rate
equation is used to determine the large-eddy length scale for the
eddy-viscosity� eld, ºt » k1=2.k3=2="/, an additionaltransport equa-
tion is used to determine a second dissipation rate, O" D k2=R, de� n-
ing the destruction term in the k equation. This term is independent
of " in the immediatevicinityof walls and yieldsa more faithfulrep-
resentationof near-wall eddy-dissipationrates. The resulting effect
is to avoid excessive imbalance between the generation and de-
struction of k in nonequilibrium� ow regions, leading to reasonable
turbulence generation levels and, hence, reasonable heat transfer
predictions. The improvement in high-speed � ows is shown to be
quite dramatic.

Highlights of the Numerical Approach
CFDCC, a Navier–Stokes � ow solver for either compressible

or incompressible � uid � ows, was used here. This code features a
second order total variation diminishing discretization based on a
multidimensionalinterpolationframework.For the resultspresented
here, a Harten–Lax–van Leer, with contact wave (HLLC) Riemann
solver was used to de� ne the (limited) upwind � uxes. The HLLC
Riemann solver is particularlysuitable for hypersonic � ow applica-
tions because, unlike classical linear solvers such as Roe’s scheme,
it automaticallyenforces entropy and positivity conditions. Further
details on the numerical methodology in CFDCC may be found in
Refs. 3–6.

k–"–R Turbulence Model Formulation
In this model, a variant of the one described in Ref. 7, Reynolds

stresses are related to the mean strain through the Boussinesq
approximation:

¡½u i u j D ¹t
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where the eddy-viscosity� eld is given by
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where f¹ is a damping function discussed later. The turbulence
kinetic energy k, the conventional dissipation rate ", and the pseu-
doeddy viscosity R, respectively, are determined by the following
transport equations:
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Pk is the turbulenceproduction,¡½ui u j Ui; j , which, when modeled
in terms of the Boussinesq concept in Eq. (1), reduces to
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Here Ui are the Cartesian mean velocity components, xi are the
correspondingcoordinates,and ¹ and ¹t are the molecularand eddy
viscosities, respectively.The constants appearing in these transport
equations are given later.

In Eq. (3), a second dissipation rate is de� ned, given by

O" D k2=R (7)

The following realizable timescale is used in Eq. (4):

Tt D .k="/ maxf1; » g (8)

where » D C¿ =
p

Rt , where Rt D ½k2=.¹"/ is the turbulence
Reynolds number and C¿ is a constant given subsequently. This
timescale is k=" at large Rt (hence, small » ) but becomes propor-
tional to the Kolmogorov scale, C¿

p
.º="/, for Rt ¿ 1. Note that

including Tt in the " equationguaranteesnear-wall asymptotic con-
sistency of that equation without resorting to ad hoc damping func-
tions found in many k–" models.

The extrasource term E in Eq. (4) is designedto increasethe level
of " in nonequilibrium � ow regions, thereby reducing the length
scale and enabling improvedpredictionof adversepressuregradient
� ows:
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where ¿ D k=" is the turbulence timescale. The extra source term is
invoked only in near-wall regions, where 9 > 0, increasing " and
thereby decreasing the length scale. Note the realizable velocity
scale V used here. Its presence limits the region of in� uence of E
to a relatively small fraction of the boundary layer near walls, with
a sharp cutoff farther away.

The transportequationfor R includes the function fd , determined
as follows:
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Thus, the second destruction term in the R equation is invoked only
in near-wall portions of boundary layers, where ’ > 0. Note that
R=k and k=" de� ne two distinct turbulence timescales.

The damping function f¹ is based on the following: In near-wall
regions the proper velocity scale8 is

p
v2 , not

p
k, and the timescale

is the realizable one, Eq. (8). The form currently adopted is9

f¹ D 1 ¡ e¡A¹ Rt

1 ¡ e¡
p

Rt

maxf1 ; » g (14)

where A¹ is a constant to be given.Note that f¹ ! A¹C¿ as Rt ! 0.
This type of near-wall limit was also adopted by Durbin,8 who ar-
gued that ¹t » y4, rather than y3 , is acceptable since ¹t ¿ ¹ there.

Finally, the model constants are C¹ D 0:09, C"1 D 1:44, C"2 D
1:92, CR1 D 1:4, CR2 D 1:8, ¾k D ¾R D C1=2

¹ ·2.C ¡1
¹ ¡ 2/=.CR2 ¡

CR1/ D 1:15, ¾" D 1:3, C¿ D
p

2, A¹ D 0:016, and AE D 0:3. The
� rst three constants and ¾" are standard, the R equation constants
are determinedfromasymptoticconsistencyat the logarithmicover-
lap, C¿ is determined from the behaviorof k in the viscous sublayer,
and the last two constants are set through forcing correct prediction
of the log-law constant (¼5:2) in near-wall � at plate and channel
� ows.

The three transport equations are subject to the following bound-
ary conditions at solid walls. The kinetic energy of turbulence and
its � rst normal-to-wallderivativevanish there.The former condition
is implemented directly:

kw D 0 (15)

The boundary condition for " is commonly given as "w D
2[º.@

p
k=@y/2]w . However, due to the partially decoupled nature

of k and ", this may no longer hold true and a Neumann condition
was used here as an alternative:
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Last, the boundary condition for R .´k2=O"/ is

Rw D 0 (17)

The effect of the turbulencedestructionterm O" in the k equation is
best understood from realizing that " affects the transport of R only
through turbulent diffusion and generation. In the viscous sublayer,
both are negligible since ¹t ¿ ¹ and Eq. (5) reduces to

º
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Thus, the sink term in the k equation is a function of k and its
derivatives and is independent of " in the immediate proximity of
walls. This prevents the predicted level of turbulence generation
from soaring near walls even in strongly nonequilibrated � ow re-
gions. In contrast, the forcing term in a standardk–" model, Pk ¡ ",
can become very large in such regions, leading to correspondingly
large turbulence generation levels.

Results
In the following � ow test cases, the linear k–"– R model’s per-

formance is compared with experimental data as well as with pre-
dictions by a cubic k–" closure,9 also topography-parameter free.
Whereas the latter accounts for both Reynolds stress anisotropyand
streamline curvature (including swirl effects), it does not possess
any modi� cations designed for improved heat transfer prediction.
Before addressing this issue, two basic test cases are used to ascer-
tain the high � delity of both models: subsonic � ow over a � at plate
and transonic � ow in a channel with a bump on one wall. These
are followed by three cases involving heat transfer: a low-speed
� ow, a two-dimensional hypersonic � ow, and a three-dimensional
hypersonic � ow. Heat � uxes were modeled as

rq D ¡C p.¹=Pr C ¹t =Prt /rT (20)

where q is the heat transfer rate, C p is the speci� c heat at constant
pressure, Pr D 0.72 and Prt D 0.9 are the molecular and turbulence
Prandtl numbers, respectively, and T is temperature. Sutherland’s
law was used to model the variation of molecular viscosity with
temperature.

Flow Over a Flat Plate

Mach 0.2 � ow over an adiabatic � at plate at Reynolds num-
ber of 6 £ 106 is computed on a 65 £ 97 grid, with yC · 1 at the
� rst centroidal location away from the wall. The plate’s leading
edge is preceded by a section of freestream � ow parallel to it. Fig-
ure 1a shows skin-friction distribution compared to the correlation
C f ¼ 0:455=.

2 0:06Rex / (Ref. 10). In this test case, the Spalart–
Allmaras (S–A) closure11 was also invoked. The skin-friction pro-
� les predictedby the three-equationand the S–A models are similar
andslightlyunderpredictthecorrelation,whereasthecubicclosure’s
prediction is in close agreement with it. Figure 1b shows pro� les
of streamwise velocity at x D 0.84 m. The boundary-layer thick-
ness predicted by all models is close to 0.015 m, in agreement with
the correlation ±=x D 0:37=Re1=5

x (Ref. 10). Figure 2 compares the
two turbulence energy dissipation rates used in the three-equation
model, namely, " and O", with " from the cubic model. It is observed
that under near-equilibrium conditions the three dissipation rates
are in close agreement.

Transonic Channel Flow Including Bump

In this case, a Mach 0.615 � ow enters a two-dimensional chan-
nel comprising a � at upper wall and a lower surface that includes a
bumplikepro� le protrudingfromthe otherwise� at wall (Fig.3).The
in� ow total pressure is 96 kPa. A transonic ¸ shock forms toward
the bump trailingedge (Fig. 3), and its interactionwith the boundary

a) Skin friction

b) Streamwise velocity pro� les at x = 0.84 m; M = 0.2

Fig. 1 Flat plate.

Fig. 2 Flat plate: turbulence dissipation rates in the three-equation
model; x = 0:84 m, M = 0:2.

Fig. 3 Délery bump: topography and streamwise velocity contours.

layer induces a separated� ow region. Experimentaldata were taken
by Délery.12 In the experiment, the shock location was controlled
by an adjustable throat downstream of the bump. Because no geo-
metrical details of this throat are provided, it is customary to adjust
the downstream pressure to approximate numerically the experi-
mental shock location on the upper wall. In the present calculations
p=p1 D 0:82 was imposed. Adiabatic, nonslip conditionswere im-
posed at the walls, and the in� ow boundary was set to reservoir
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a) Wall pressure pro� les

b) Convergence history

Fig. 4 Délery bump.

conditions.The computationswere done on two grids: a 120 £ 120
grid with 14 points inside the viscous sublayers,with the � rst point
located at yC D 0:1, and a 120 £ 240 grid, with 16 points inside the
sublayers and � ner resolution across the channel. The latter estab-
lished grid independence of the former mesh. The computational
domain extended from x D ¡74 to x D 426 mm. Some streamwise
grid clustering was imposed, centered at the bump trailing edge.
Figure 4a shows comparisonsof predictionswith experimentaldata
of upper and lower wall pressure pro� les. These results indicate
that the two models capture the shock location and postshock be-
havior correctly. Figure 4b is a convergence history plot, based on
mass, momentum, and energy residuals,which dropped four orders
of magnitude in 500 steps.

Heat Transfer Downstream of an Abrupt Circular Tube Expansion

Baughn et al.13 performed � ow measurements in a sudden ex-
pansion between two circular tubes. Flow conditions were M1 D
0:0078, ReD D 1:73£ 104 (based on the larger tube diameter) and
T1 D 288 K. The 2-m-long upstream tube was insulated while the
downstreamonewas kept at a uniformwall temperatureTw D 298K.
Figure 5a shows the geometry and main � ow features, in particu-
lar the recirculation region downstream of the expansion. The pipe
boundary layer was allowed to develop from constant in� ow con-
ditions. Calculations on 13,000 and 21,000 mesh sizes, both with
yC

1 D 1, yielded only slight changes, and the reported predictions
are based on the larger grid. Figure 5b shows the calculation’s con-
vergence history. A residual drop by three orders of magnitude was
reached in 300 steps. Figure 6 shows comparisons of predictions
with experimentaldata of wall heat transfer (Fig. 6a) and centerline
velocity (Fig. 6b) and Fig. 7 shows velocity and temperaturepro� les
(Figs. 7a and 7b, respectively), each at x=H D 1:0 and 10.0.The cu-
bic model slightly overpredicts the wall heat transfer, whereas the
three-equation closure underpredicts the peak level correctly. The
latter model also predicts the centerlinevelocity slightly better than

a) Topography and main � ow features, d = 3:81 cm, D = 2:5d, H =
0:75d, and M = 0:0078

b) Solution convergence history

Fig. 5 Sudden expansion.

a) Wall heat transfer

b) Centerline velocity

Fig. 6 Sudden expansion.

does the cubic model. Both closures seem to overpredict the extent
of the separation bubble, but the three-equation model predicts the
velocitypro� le at x=H D 10 somewhat better. The temperaturepro-
� les are not very well predicted by either model, but here the cubic
closure has a slight advantage.

Hypersonic Flow over a Compression Ramp

This case is a two-dimensionalMach 9 � ow over a 38-deg cooled
ramp, with experimental data measured by Coleman and Stollery.14
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a) Velocity pro� les

b) Temperature pro� les

Fig. 7 Sudden expansion.

An oblique shock, interacting with the boundary layer downstream
of the ramp corner, induces � ow detachment with subsequent reat-
tachment onto the ramp surface where a large heat transfer peak
occurs. Figure 8a shows the geometry and main � ow features. The
� ow conditions are as follows: M1 D 9:22, Re1 D 0:47 £ 106/cm,
T0 D 1070 K, T1 D 64:5 K, and Tw D 295 K. A compressible � ow
equilibrium 1-mm-thick turbulent boundary layer (wake strength
parameter 5 D 0:55) was imposed at the in� ow, together with the
following pro� les for the turbulence variables:
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Á
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where · D 0:41, ¯ D C3=4
¹ =.2·/ D 0:2, Á D 0:166, and, for this � ow,

k1 D 8 £ 10¡7U 2
1. Calculations using constant in� ow conditions

yielded practically the same results due to the limited extent of
upstream in� uence in this � ow case.

The computations were performed on a 250 £ 200 grid with at
least 20 cells inside the viscous sublayer, with the � rst centroidal
pointsaway fromthewall at yC ¼ 0:1. The gridwas clusteredin the x
direction,too,centeredat the rampcorner.A 200 £ 150gridwas also
used to ascertaingrid independenceof the reported� nemesh results.

Figure 8b shows wall pressure distribution as predicted by the
two models. Comparison with the experimental data indicates that
the pressurepro� le is slightly better predicted by the k–"– R model,
albeit the peak level is capturedwith higher � delity by the cubic clo-
sure. Figure 9 shows that the heat transfer is much better predicted

a) Topography and main � ow features

b) Wall pressure; M = 9.22

Fig. 8 Hypersonic ramp � ow.

a) Overview

b) Closeup view

Fig. 9 Hypersonic ramp � ow, M = 9.22; wall heat transfer.

by the three-equationmodel.That the cubicmodelcapturesthe pres-
sure distribution while its predicted heat transfer is much too high
suggests that, in separated � ow regions with simultaneously low
mean � ow kinetic energy (and, therefore, low strain magnitude)
and high-temperature gradients, overpredicted levels of turbulence
length scale can lead to rather small errors in the turbulent shear
stress and concurrently lead to gross overprediction of the turbu-
lent heat � uxes. Using O" as the destruction of k (rather than " itself
as in k–" models) avoids excessive levels of turbulence generation
in nonequilibrium � ow regions (such as recirculation bubbles) as
already explained.This results in much improved heat transfer pre-
dictions. This effect is seen in Fig. 10, which compares the eddy-
viscosity � elds predicted by the two models in the separated and
reattaching � ow regions. The levels predicted by the cubic model
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Fig. 10 Hypersonic ramp � ow: eddy viscosity levels from the cubic
k–" model and from the k–"–R closure.

a) Kinetic energy pro� les at x = 0.55 m

b) Dissipation rate pro� les at x = 0.55 m; M = 9.2

Fig. 11 Hypersonic ramp � ow.

are appreciably higher than those by the three-equation model, es-
pecially near the wall. This is also seen in Fig. 11, showing ki-
netic energy and dissipation rate pro� les within the separated � ow
region (x D 0:55 m), and in Fig. 12, where eddy-viscositypro� les at
x D 0:55 m and in the vicinity of maximum heat transfer at the reat-
tachment location(x ¼ 0.60 m) are shown. The k pro� les (Fig. 11a),
indicate that the three-equationmodel predicts a lower level of tur-
bulence kinetic energy across the entire viscous layer, including a

a) Eddy viscosity pro� les at x = 0.55 m

b) Eddy viscosity pro� les at x = 0.60 m; M = 9.2

Fig. 12 Hypersonic ramp � ow.

Fig. 13 Hypersonic ramp � ow: solution convergence history.

considerably lower peak level than the one predicted by the cu-
bic closure. This translates into less turbulence generation, hence
smaller eddy-viscosity levels in the lower half of the shear layer,
as seen in Fig. 12a. Application of the dual-dissipation concept
has an even more pronounced in� uence in the reattachment region,
as seen in Fig. 12b. The reduced eddy viscosity from the three-
equation model preventsoverpredictionof heat transfer.Figure 11b
indicates that, in nonequilibrium � ow regions, " from the k–"– R
closure is much closer to O" than to " predicted by the cubic model.
This is due to the altered k and ¹t levels, the former feeding into the
timescale and the latter into the generation term of the " equation.
Last, Fig. 13 shows the convergence history for this calculation,
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a) Topography

b) Main � ow features

Fig. 14 Hypersonic inlet � ow.

where a residual drop by four orders of magnitude in 2000 steps is
seen.

Hypersonic Flow in a Double Wedge Inlet

Kussoy et al.15 performed extensive experimental measure-
ments on a Mach 8.3 � ow in a wedge inlet con� guration, with
Tw =T0 D 0:27. To predict this complex three-dimensional � ow-
� eld, involvingcrossingshock/boundary-layerinteractions,the � ow
solver was used on a structured mesh consisting of approximately
250,000 cells. First centroidal locations away from walls were at
yC ¼ 60 to avoid a much larger grid size. A wall function that ac-
counts for compressibility and heat transfer effects was employed.
This wall function uses the van Driest transformed velocity (Ref.
10) in Spalding’s law of the wall (Ref. 10) from which the friction
velocity, u¿ D .¿=½/

1=2
w , is obtained. This is used to determine the

momentum and energy wall � uxes:

¿w D ½w u2
¿

(21)

qw D ¿w

µ
C p.Tw ¡ T1/

Pr tUt

¡
Ut

2

¶
(22)

where Ut is the local tangent-to-wall velocity component at the
wall-adjacent centroid and T1 is the temperature there.

Figure 14a shows a sketch of the topography and Fig. 14b is an
overview of the � ow in the region of the wedges, showing pressure
contours on one wedge surface and streamlines. It is observed that
the � ow in the midregion of the wedge maintains an approximately
two-dimensional � avor. The high-pressure region downstream of
the shoulder is due to shock impingement from the other wedge.
The streamlines at the wall/wedge juncture clearly show stream-
wise separationdue to the adverse pressuregradient downstreamof

a) Wall pressure and heat transfer along symmetry line

b) Solution convergence history

Fig. 15 Hypersonic inlet � ow.

the wedge shoulder. Flow spillage at the upper end of the wedge,
due to cross-stream pressure gradient, is also observed. Figure 15a
compares predicted wall pressure and heat transfer, along the sym-
metry line, with corresponding measurements. As in the Mach 9
case, the three-equation model yields very good agreement with
both pressure and heat transfer data. The cubic k–" closure exhibits
the same trend observed in the preceding case: very good pressure
prediction and large overprediction of heat transfer. The near-wall
inadequacy of the " equation under strong nonequilibrium condi-
tions evidently overwhelms the advantages of this nonlinear model
in terms of its otherwise superior physics. Finally, Fig. 15b shows
the convergencehistory plot; two and one-half orders of magnitude
drop in � ow residuals was obtained in 3000 steps.

Concluding Remarks
This paper demonstrated the feasibility of using a k–" turbu-

lence closure, based on two dissipationrates, to predict successfully
wall heat transfer under high-speed, separated � ow conditions.The
CFDCC � ow solver, in conjunction with a linear three-equation
k–"– R model and a cubic k–" turbulence closure, was used to pre-
dict several � ow cases including three involving wall heat transfer.
Both closures performed well in pressure distribution predictions,
but the three-equation model excelled in predicting heat transfer
levels under high-speed, nonequilibriumconditions. The excessive
levels of heat transfer predicted by the cubic model (and by most
otherk–" closures) suggestthat in separated� owregionswith simul-
taneously low mean � ow kinetic energy (and, therefore, low strain
magnitude) and high temperature gradients, overpredictedlevels of
the turbulencelengthscale,while leadingto rathersmall errors in the
turbulent shear stress, cause a large overprediction of the turbulent
heat � uxes. In contrast, inclusion of the R equation in a linear k–"
model enabledthe de� nitionof a seconddissipationrate O" appliedas
thedestructionterm in thek equation.This term is independentof the
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conventional dissipation rate " in the immediate vicinity of walls.
The latter is retained for the determination of the eddy-viscosity
� eld. Application of this dual-dissipation concept led to reduced
levels of turbulence generation in nonequilibrium� ow regions and
enabled the three-equation model to predict correctly heat transfer
under high-speed,separated� ow conditions.A nonlinearversionof
this model will be considered in future work.
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